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Codimension-1 thick brane solutions in higher-dimensional Rn gravity
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Vacuum plane symmetric solutions within αRn modified gravity are obtained. The solutions can
be regarded as describing thick branes with codimension 1 in a higher-dimensional spacetime. The
dependence of the solutions on the values of four free parameters of the system under consideration
is studied numerically. It is shown that when the parameter α increases, the solutions tend to
saturation. We also show that in all cases under consideration the spacetime is asymptotically
anti-de Sitter one.
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I. INTRODUCTION
It is now believed that D-branes may play an important role in string theory [1]. Such branes are in general
multidimensional surfaces to which end points of strings can be attached. It was shown in Ref. [2] that D-branes
are in fact solutions of the type black p-brane solutions in supergravity. In turn, p-branes are extended objects in
low-energy string theory possessing an event horizon [3]. Such solutions are obtained in the presence of scalar and
tensor fields. Naturally, the question arises whether it is possible to obtain vacuum D-brane solutions. In the present
paper, we study this issue and show that regular vacuum brane solutions may exist in multidimensional modified
theories of gravity.
Among D-branes, one can consider the case of a brane in the from of a spatially three-dimensional surface. This
is the so-called braneworld scenario, within which it is assumed that our Universe is such a brane embedded in some
bulk space. At the present time, such scenario is used quite widely in solving some known problems in high-energy
physics (see, e.g., Refs. [4–6]). In particular, this refers to the fermion generation puzzle [7, 8] and the nature of dark
energy [9] and dark matter [10].
In Einstein’s general relativity, there are many solutions describing various types of D-branes. For instance, these
can be the so-called thick branes [11]. To the best of our knowledge, to obtain all such solutions, the presence of
matter sources is a necessary condition. From the physical point of view, this is because in general relativity regular
solutions can almost always be obtained only in the presence of some sources. For example, these are solutions with
scalar [12] or vector and spinor [13, 14] fields. A natural question to ask is whether it is possible to find regular vacuum
brane solutions. Within the framework of modified gravity, it was shown in Refs. [15, 16] that in a five-dimensional
spacetime there can exist a four-dimensional thick brane described by a regular vacuum solution (see also Ref. [17]
where thick brane solutions within higher-dimensional modified gravity have been considered). In the present study we
show that such codimension-1 thick brane solutions can exist in a space of arbitrary dimension within the framework
of modified gravity.
Modified theories of gravity are alternative models to explain the current accelerated expansion of the Universe (for
a general review on the subject, see, e.g., Refs. [18–20]). In the simplest case a modification of general relativity is per-
formed by mean of the replacement of the Einstein gravitational Lagrangian∼ R by the modified Lagrangian∼ F (R),
where F (R) is some function of the scalar curvature R. From the mathematical point of view, the field equations,
which are obtained by varying the modified action with respect to the metric, have a more rich structure of possible
solutions; this permits one to apply them to get new physical results.
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2In the present paper, we show that thick D-branes with codimension 1 can be described by regular vacuum solutions
obtained within modified gravity. This means that to construct such D-branes one need not use matter sources. For
this purpose, in Sec. II we write down the corresponding equations for F (R) ∼ R + Rn modified gravity. In Sec. III
these equations are solved numerically for different values of system parameters. Finally, in Sec. IV we summarize
the results obtained.
II. FIELD EQUATIONS IN Rn MODIFIED GRAVITY
We consider a thick brane with codimension 1 in a N -dimensional spacetime. The corresponding gravitational
action can be written in the form [the metric signature is (+,−,−, . . .)]
S =
∫
dNx
√
(N)G
[
−
R
2
+ f(R)
]
, (1)
where f(R) is an arbitrary function of the scalar curvature R; G is the determinant of the N -dimensional metric GAB
(hereafter capital Latin indices refer to a multidimensional spacetime: A,B = 0, 1, . . . , N). Variation of the action (1)
with respect to the metric GAB yields the equations of modified gravity
RBA −
1
2
δBAR = Tˆ
B
A , (2)
whose right-hand side is
TˆBA = −
[(
∂f
∂R
)
RBA −
1
2
δBAf +
(
δBAg
LM
− δLAg
BM
)( ∂f
∂R
)
;L;M
]
, (3)
where the semicolon denotes the covariant derivative.
In the present paper, we consider the following special choice of modified gravity:
f(R) = −αRn, (4)
where α > 0 and n are constants. Since here we seek codimension-1 thick brane solutions in a N -dimensional
spacetime, the metric can be taken in the form
ds2 = e2β(x
N )
[
(dx0)2 − (dx1)2 − · · · − (dxN−1)2
]
− (dxN )2, (5)
where the metric function β depends only on one coordinate xN . The corresponding components of the Ricci tensor
are
R00 = e
2ββ′′ +Nβ′
2
ǫ2β, (6)
RCC = −e
2β
(
β′′ +Nβ′
2
)
, where C = 1, 2, . . . , N − 1, (7)
RNN = −N
(
β′′ + β′
2
)
, (8)
where the prime denotes differentiation with respect to xN . The structure of Eqs. (2) coincides with the equations of
Einstein’s general relativity where the source of gravitational field is the effective energy-momentum tensor (3).
After substitution of the metric (5) and the components (6)-(8) in the modified equations (2), we have
(1−N)β′′ +
N(1−N)
2
β′2 = −
(
β′′ +Nβ′
2
)
fR +
1
2
f
+
[
4N2β′β′′′ + 2N(N2 − 1)β′
2
β′′ + 2Nβ + 2N(N + 1)β′′
2
]
fRR
+
[
4N2β′′′
2
+ 8N2(N + 1)β′β′′β′′′ + 4N2(N + 1)2β′
2
β′′
2
]
fRRR (9)
N(1−N)
2
β′2 = −N
(
β′′ + β′
2
)
fR +
1
2
f + 2N2β′ [β′′′ + (N + 1)β′β′′] fRR. (10)
Here, we use the designations fR = df/dR, fRR = d
2f/dR2, and fRRR = d
3f/dR3. Also, in the above equations, we
have taken into account that the scalar curvature is
R = 2Nβ′′ +N(N + 1)β′
2
.
3Consider now Eq. (10), since, according to the Bianchi identity, Eq. (9) follows from Eq. (10). Dividing Eq. (10)
by the coefficients of the β′′′, we get the following equation:
β′′′ −
1
n
β′′
2
β′
+
(N − 1)(1 +N − 2n)
4n(n− 1)
β′
3
+
2(N + 1)(n2 + 1)− n(3N + 5)
2n(n− 1)
β′β′′
−
N − 1
4αNn(n− 1)
[
2Nβ′′ +N(N + 1)β′
2
]2−n
β′ = 0.
(11)
Since this equation does not depend explicitly on the coordinate xN , it is always possible to shift the position of
the brane to the point xN = 0 by the corresponding transformation of coordinates. Then, in the neighborhood of this
point, the solution of Eq. (11) is sought in the form
β
(
xN
)
= β0 + γ
(
xN
)δ
+ . . . , (12)
where β0, γ, and δ are constants. In turn, without loss of generality, we may set β0 = 0, corresponding to the
redefinition of the coordinates eβ0xA → xA.
The leading terms in Eq. (11) are the terms β′′′ and
1
n
β′′2
β′
. In order to ensure their finiteness, it is necessary to
take δ > 3. Then, substituting the expansion (12) in (11) and equating the coefficient of the
(
xN
)δ−3
to zero, we get
the following expression for the parameter δ:
δ =
2n− 1
n− 1
. (13)
As a result, it is seen that the relationship between the parameters δ and n does not involve the dimension of the
bulk space. Taking into account that δ > 3, we get the following inequality for possible values of n:
1 < n < 2. (14)
III. NUMERICAL SOLUTIONS
Apparently, it is impossible to find an analytic solution to Eq. (11) over all of the space. Numerical study of this
equation for arbitrary dimension is impossible as well. For this reason, we will carry out a numerical study for some
specific dimensions.
For Eq. (11), there are four independent parameters which determine the solution: the dimension of spacetime
N , the parameters of modified gravity n and α, and the parameter γ which determines the magnitude of the metric
function β in the neighborhood of the brane.
In the simplest case one can consider solutions with even values of the parameter δ, which in turn is related to n
through the expression (13). It is evident that in this case the solutions must be even functions with respect to xN .
Much more complicated solutions do exist for an arbitrary value of the exponent n:
• Numerical analysis indicates that when n = (2p + 1)/(2q + 1) (here p and q are integer) and γ > 0 a regular
solution does exist for xN > 0, but for xN < 0 it becomes singular. Our analysis shows that in the latter case
there can exist regular solutions for γ < 0. Then one can obtain a regular brane solution in all the space by
matching the regular solutions from the left and from the right of the brane at the point xN = 0. This can
be done since for our choice of the exponent δ the magnitude of the function β, as well as its first and second
derivatives, are equal to zero on the brane: β(0) = β′(0) = β′′(0) = 0 (the fixed point).
• For irrational δ, it is much more complicated to construct the solutions. The reason is that for xN < 0, near
the origin of coordinates, the situation can occur when it will be necessary to calculate the degree of some
negative number. Subtracting a minus sign before such a number, the problem of calculating the number (−1)δ
for irrational δ occurs. As is well known, (−1)δ = exp (ımπδ) = cos (mπδ) + ı sin (mπδ), where m is an integer.
In the general case, this is a complex number, and the solution apparently is absent.
Consistent with this, we consider here only the simplest case of regular, even plane symmetric solutions. To
demonstrate the properties of the systems under consideration, we have plotted the graphs for the derivative of the
metric function β′(xN ), the phase portrait β′′(β′), and the effective energy density Tˆ 00 from Eq. (3) for different values
of the parameters δ (Fig. 1), γ (Fig. 2), α (Fig. 3), and N (Fig. 4). [Notice that here we have taken into account the
4FIG. 1: The behavior of the function β′(xN) (left panel), the phase portrait (middle panel), and the effective energy density
Tˆ 00 (right panel), depending on different values of the parameter δ = 4, 6, 8, 10 (or n = 3/2, 5/4, 7/6, 9/8) for the curves 1, 2, 3,
4, respectively. The graphs are plotted for the case of N = 3, α = 1, γ = 1.
FIG. 2: The behavior of the function β′(xN) (left panel), the phase portrait (middle panel), and the effective energy density
Tˆ 00 (right panel), depending on different values of the parameter γ = 0.1, 1.0, 2.0, 3.0, 4.0, 5.0 for the curves 1, 2, 3, 4, 5, 6,
respectively (numbering is from the bottom to the top for the left and middle panels, and from the top to the bottom for the
right panel). For these plots, N = 3, δ = 6, n = 5/4, α = 1.
restriction imposed upon the parameter n by Eq. (14).] Since all the solutions shown in these figures are even, we
have plotted them only for xN > 0.
The above solutions have an anti-de Sitter asymptotic behavior of the form
β ≈
{
[N(N + 1)]
2−n
αN(N − 2n+ 1)
} 1
2(n−1) ∣∣xN ∣∣ ,
which is valid as xN → ±∞. It is seen from this expression that there is the restriction (N − 2n + 1) > 0 on the
parameters n and N for which this asymptotic solution is applicable.
Analysing the results shown in Fig. 3, one can conclude that when the parameter α increases, the solutions tend to
saturation – all the curves tend to some limit. This result can be easily explained: it is seen from Eq. (11) that the
last term goes to zero when α increases. Without this term, this equation yields limiting solutions to which solutions
of Eq. (11) tend as α increases.
IV. CONCLUSION
We have obtained regular, even plane symmetric solutions within multidimensional Rn modified gravity. From the
physical point of view, these solutions can describe thick branes with codimension 1. The properties of such branes
5FIG. 3: The behavior of the function β′(xN) (left panel), the phase portrait (middle panel), and the effective energy density
Tˆ 00 (right panel), depending on different values of the parameter α = 1, 2, 3, 4, 5, 6 for the curves 1, 2, 3, 4, 5, 6, respectively
(numbering is from the top to the bottom for the left and middle panels, and from the bottom to the top for the right panel).
For these plots, N = 3, δ = 6, n = 5/4, γ = 5.
FIG. 4: The behavior of the function β′(xN) (left panel), the phase portrait (middle panel), and the effective energy density
Tˆ 00 (right panel), depending on different values of the spacetime dimension N = 4, 6, 8, 10 for the curves 1, 2, 3, 4, respectively.
For these plots, δ = 6, n = 5/4, γ = 3, α = 1.
depend on four quantities: the parameter γ which describes the behavior of the solutions near the origin of coordinates,
the parameters α and n related to the specific type of modified gravity, and the dimension of spacetime N .
In order to analyse the systems under consideration, we have found the families of solutions for fixed values of the
three above parameters and when the value of the fourth parameter has been changed. As a result, we have shown
that:
• Regular solutions may exist only for definite values of the parameter n lying in the range 1 < n < 2. In this
case all the derivatives of the metric function β are equal to zero that permits one to place the brane at the
fixed point xN = 0 directly. The presence of the fixed point ensures the existence of both Z2-symmetric and
nonsymmetric solutions.
• Not all n permit the existence of regular solutions:
– If n = (2p + 1)/(2q + 1) (where p and q are integer), the solutions are regular for xN > 0 and may be
singular for xN < 0;
– If the exponent n is an irrational number, in general, there are no solutions.
• According to Eq. (2), its right-hand side plays the role of the effective energy-momentum tensor TˆBA . We have
studied the dependence of the effective energy density Tˆ 00 on the values of the parameters γ, α, n, and N and
shown that it is always negative for all cases considered in the present paper. This corresponds to the fact that
all regular solutions obtained here describe an asymptotically anti-de Sitter spacetime.
6• When the parameter α increases, the solutions tend to some limiting solution that does not already depend on
this parameter.
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